Abstract. The Maskit embedding M of a surface Σ is the space of geometrically finite groups on the boundary of quasifuchsian space for which the 'top' end is homeomorphic to Σ, while the 'bottom' end consists of two triply punctured spheres, the remains of Σ when two fixed disjoint curves have been pinched. As such representations vary in the character variety, the conformal structure on the top side varies over the Teichmüller space T (Σ).
Introduction
Pictures of various slices and embeddings of one dimensional Teichmüller spaces into C have become familiar in recent years. A common feature is the complicated fractal boundary which has been studied by various authors for example [24] , [25] . Such examples are always based on the once punctured torus and its close relatives. This paper presents for the first time a method which makes viable the prospect of plotting a deformation space associated to a higher genus surface. The project immediately introduces many difficulties: such a deformation space will intrinsically have at least 2 complex dimensions and the underlying combinatorics of the curve complex is not that of the Farey tesselation associated once punctured torus.
The example we choose is the Maskit embedding of the twice punctured torus, in which the representation variety is smooth of complex dimension 2. The key idea is explicitly to locate the pleating rays, that is, the loci in the representation variety along which the projective class of the bending measure of the convex hull boundary is fixed. These lines are certain branches of the solution set of a family of equations where traces of various elements in the group take real values. To explain in more detail, we first consider the analogous embedding for the once punctured torus Σ 1,1 .
The Maskit embedding of Σ 1,1 was initially explored experimentally by Mumford and Wright, see [29, 25] . The detailed study [12] by the author and Linda Keen introduced the concept of pleating rays which justified these computational results. As explained in more detail below, these rays were used to plot Figure 1 . The lined region, which repeats periodically with period 2 in both directions, indicates all representations ρ : π 1 (Σ 1,1 ) → SL(2, C) whose image G is free and discrete and for which one fixed essential non-peripheral simple curve γ ∞ ∈ π 1 (Σ 1,1 ) is accidentally parabolic. The parameter µ ∈ C is essentially the trace of another fixed curve γ 0 which together with γ ∞ generates π 1 . After suitable normalisation, this is enough to determine a representation ρ. The resulting hyperbolic 3-manifold H 3 /G is geometrically finite and homeomorphic to Σ 1,1 × R. Its end invariants ω ± are both Riemann surfaces, representing the conformal structures on the quotients of the components of the regular set by G. One end ω − is conformally a triply punctured sphere, corresponding to the surface Σ 1,1 with the fixed curve γ ∞ pinched. The other end ω + is a Riemann surface homeomorphic to Σ 1,1 and can thus be viewed a point in T (Σ 1,1 ). By standard Ahlfors-Bers theory, each point in T is represented up to conjugation by exactly one such group G. The Maskit embedding is the map T → C which takes a surface to the µ-parameter of the group G which represents it. In Figure 1 , the parameter iµ = Tr γ 0 has been chosen so that the embedding is as close to the identity map T (Σ 1,1 ) = H 2 → C as possible. The embedding repeats periodically under translation µ → µ + 2. This paper lays the foundation for computing the analogous picture of the Maskit embedding when Σ = Σ 1,2 is a twice punctured torus. The relevant component of the representation variety R(Σ) is smooth of complex dimension 2. Thus our eventual aim is to locate the image M of the Maskit embedding of the Teichmüller space T (Σ) in C 2 . As for Σ 1,1 , we will do this by locating the pleating rays, which in this case are real 1-submanifolds of M along which the projective class of the bending measure of the component ∂C + /G of the convex hull boundary facing ω + is supported on a fixed pair of disjoint closed curves on Σ. In general, the pleating ray is a connected non-singular branch of the real algebraic variety along which the traces of the support curves take real values, see Theorem 3.4. The main results of this paper identify the correct branch by determining its direction as the parameters of the representation tend to infinity, equivalently as the bending measure tends to zero, see Theorem A. The idea is that M can then be plotted by following these real trace branches until one of the supporting curves becomes parabolic, see Section 5.
Before stating our main theorems, we briefly review our previous results from [12] . As is well known, the simple closed curves on Σ 1,1 can be enumerated by the rationals Q ∪ ∞. Normalize so that the exceptional pinched curve γ ∞ is represented by ∞. There is one ray P p/q for each p/q ∈ Q, representing all curves γ p/q whose images in M are loxodromic. At any point on this ray, ∂C + /G is a pleated surface bent along γ p/q while the component ∂C − /G facing ω − can be viewed as a copy of Σ bent along γ ∞ with bending angle π. If a closed curve γ p/q is a bending line, then its complex length is real, so that γ p/q is purely hyperbolic on P p/q . The trace, hence also the complex length, of γ p/q has no critical points on P p/q . It follows that P p/q is a totally real 1-submanifold embedded in M and that the hyperbolic length l p/q of γ p/q is strictly monotonic along P p/q with range (0, ∞). As l p/q → 0 along P p/q we approach the boundary ∂M, arriving at an algebraic limit which is the doubly cusped group in which l p/q = 0. As l p/q → ∞ on the other hand, there is no algebraic limit and the sequence of representations diverges. One of the main results of [12] is that P p/q is asymptotic to the line µ = 2p/q as l p/q → ∞, identifying it uniquely among branches of Tr γ p/q ∈ R.
Turning now to the twice punctured torus Σ = Σ 1,2 , suppose we have a geometrically finite free and discrete representation for which M = Σ × R. Fix elements S 1 , S 2 ∈ π 1 (Σ) corresponding to disjoint non-homotopic closed curves σ 1 , σ 2 which form a maximal pants decomposition of Σ and neither of which individually disconnects Σ. We consider groups for which the conformal end ω − is a union of triply punctured spheres glued across punctures corresponding to σ 1 , σ 2 , while ω + is a marked Riemann surface homeomorphic to Σ. In Section 2.2 we give an explicit parameterisation of a holomorphic family of representations ρ : π 1 (Σ) → G(τ 1 , τ 2 ), (τ 1 , τ 2 ) ∈ C 2 , such that, for suitable values of the parameters, G(τ 1 , τ 2 ) has the above geometry. The Maskit embedding is the map which sends a point X ∈ T (Σ 1,2 ) to the point (τ 1 , τ 2 ) ∈ C 2 for which the group G(τ 1 , τ 2 ) has ω + = X. Denote the image of this map by M = M(Σ 1,2 ).
Given a projective measured lamination [ξ] on Σ, the pleating ray P [ξ] is the set of groups in M for which the bending measure β(G) of ∂C + /G is in the class [ξ] . We restrict to pleating rays for which [ξ] is rational, that is, supported on closed curves, and for simplicity write P ξ in place of P [ξ] , although noting that P ξ depends only on [ξ] . From general results of Bonahon and Otal [4] (see Theorem 3.1 in Section 3), for any pants decomposition γ 1 , γ 2 such that σ 1 , σ 2 , γ 1 , γ 2 are mutually non-homotopic and fill up Σ, and any pair of angles θ i ∈ (0, π), there is a unique group in M for which the bending measure of ∂C + /G is 1,2 θ i δ γ i . (This extends to the case θ i = 0 provided σ 1 , σ 2 , γ j fill up Σ, see Section 3, also for the case θ = π.) Thus given ξ = 1,2 a i δ γ i , there is a unique group G = G ξ (θ) ∈ M with bending measure β(G) = θξ for any sufficiently small θ > 0.
In contrast to the quasifuchsian situation studied in [28] , there is no algebraic limit along P ξ as θ → 0, see Corollary 6.5. Intuitively this is because the groups G ξ (θ) want to limit on a Fuchsian group, which is however impossible since the bending angles on the parabolic pinched curves are fixed as π. Our main result is a formula for the asymptotic direction of P ξ in M ⊂ C 2 in terms of the global linear coordinates for measured laminations on Σ 2,1 set up in [15] . These coordinates, called here canonical coordinates, assign to a measured lamination ξ a point i(ξ) = (q 1 (ξ), p 1 (ξ), q 2 (ξ), p 2 (ξ)) ∈ (R + ×R) 2 , see Section 4. The coordinates of a simple closed curve are integral; they are essentially its Dehn-Thurston coordinates relative to σ 1 , σ 2 and are a close analogue of the p, q coordinates for curves on Σ 1,1 above. In particular, q i (γ) = i(γ, σ i ) where i(·, ·) is the usual geometric intersection number. If ξ = 1,2 a i δ γ i , the above Bonahon-Otal condition on σ 1 , σ 2 , γ 1 , γ 2 is equivalent to q i (ξ) > 0, i = 1, 2. We call such laminations admissible, see Section 3. We call a pair of curves γ 1 , γ 2 exceptional if q 1 (γ 1 )q 2 (γ 2 ) = q 1 (γ 2 )q 2 (γ 1 ), and we say ξ = 1,2 a i δ γ i is exceptional if a i > 0, i = 1, 2 and the pair γ 1 , γ 2 is exceptional. The main result of this paper is:
Theorem A. Suppose that ξ = 1,2 a i δ γ i is admissible and not exceptional.
Then as the bending measure β(G) ∈ R + ξ tends to zero, the pleating ray P ξ approaches the line
This theorem is stated more precisely as Theorem 7.3. To actually locate the pleating rays, note (Lemma 3.3) that Tr ρ(γ) is real whenever γ is a bending line. We prove:
Theorem B. Suppose that ξ = 1,2 a i δ γ i is admissible and that the pair γ 1 , γ 2 is not exceptional. Then any point on the ray P ξ satisfies the equations Tr ρ(γ i ) = 0, i = 1, 2 and these equations have a unique solution as τ i → ∞ in the direction specified by Theorem A. If the curve γ 1 is admissible, then there exists γ 2 disjoint from γ 1 such that the pair γ 1 , γ 2 is not exceptional, and thus P γ 1 is determined by the above result applied to ξ = 1 · δ γ 1 + 0 · δ γ 2 .
In the exceptional case we obtain only partial results detailed in Theorem 7.5. We believe the above theorems to be still true in this case, but as discussed in Section 7.2, the result appears to be beyond the scope of this paper. The lack of a complete result will not affect the plotting of the asymptotic arrangement of pleating rays and planes.
As explained in Section 5, these results in principle enable one to compute M, modulo the unproven conjecture that the rational pleating rays are dense. We hope to explore how to actually implement the computations in practice elsewhere.
Theorems A and B are proved together. The proofs have two main parts. First (Section 6) we show that asymptotically, the lengths of the geodesic representatives σ + 1 , σ + 2 of σ 1 , σ 2 on ∂C + /G tend to 0 while at the same time becoming orthogonal to the bending lines. (This should be compared to the situation in [28] , where in the limit as the bending angles go to zero, the bending lines on ∂C + /G and ∂C − /G become 'orthogonal' in the sense that average of the cosine of the angle between them goes to zero.) From this we deduce (Theorem 6.1) that as θ → 0, τ 1 , τ 2 → ∞ in such a way that
Second, we use a formula for trace polynomials from [15] . Note that the trace Tr ρ(γ) is a polynomial on the parameter space C 2 . The formula, see Theorem 4.1, expresses the top terms of this polynomial in terms of its canonical coordinates i(γ). We also make use Thurston's symplectic form on the space of measured laminations M L, which turns out to have the standard form relative to our canonical coordinates (Section 4.2). To complete the proofs of Theorems A and B, in Section 7 we use the asymptotics of the trace polynomials together with Thurston's form and some simple linear algebra to extract the unique possible asymptotic directions of the pleating rays.
One might also ask for the limit of the hyperbolic structure on ∂C + /G as the bending measure tends to zero. The following result is an immediate consequence of the first part of the proof of Theorem A: Theorem C. Let ξ = 1,2 a i δ γ i be as above. Then as the bending measure β(G) ∈ R + ξ tends to zero, the induced hyperbolic structure of ∂C + /G along P ξ converges to the barycentre of the laminations σ 1 and σ 2 in the Thurston boundary of T (Σ).
This should be compared with the result in [28] , that the analogous limit through groups whose bending laminations on the two sides of the convex hull boundary are in the classes of a fixed pair of laminations [ξ ± ], is a Fuchsian group on the line of minima of [ξ ± ].
Although this paper is written in the context of the twice punctured torus, the results of Section 6 and hence also Theorem C should apply to the Maskit embedding of a general surface. The top terms formula is needed only to determine the asymptotic value of τ i . Y. Chiang obtained an analogous top terms formula for the five times punctured sphere in [6] . We believe there is a more general result and hope to explore this elsewhere.
The plan of the paper is as follows. In Section 2 we describe our holomorphic family of groups which realise the Maskit embedding and give estimates on the rough shape of M. In Section 3 we briefly review facts about convex hull boundaries, bending measures and pleating rays. In Section 4 we review canonical coordinates for simple curves and the top terms formula from [15] , and discuss Thurston's symplectic form. In Section 5 we discuss in more detail how Theorem A may be used to compute pleating rays and illustrate the theorem with some very simple examples which can be computed by hand. The remaining two sections contain the main work of the paper as described above. Theorem C is proved at the end of Section 6 and Theorems A and B are proved in Section 7.
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The Maskit embedding and plumbing parameters
Let Σ be a twice punctured torus. Figure 2 shows a fundamental domain ∆ for a Fuchsian representation of Σ, on which some definite hyperbolic metric has been fixed. The sides of ∆ are identified by hyperbolic isometries S 1 , S 2 , T which we can view as free generators for π 1 (Σ).
2.1. The Maskit embedding. Let R(Σ) be the representation variety of π 1 (Σ), that is, the set of representations ρ(π 1 (Σ)) → SL(2, C) modulo conjugation in SL(2, C) (but see e.g. [10] p.61) with the algebraic topology. Let M ⊂ R be the subset of representations ρ for which (i) The image G = ρ(π 1 (Σ)) is free and discrete and the images of S i , i = 1, 2 are parabolic. (ii) All components of the regular set Ω(G) are simply connected and there is exactly one invariant component Ω + (G). iii) The quotient Ω(G)/G has 3 components; Ω + (G)/G is homeomorphic to Σ and the other two components are triply punctured spheres. In this situation, see for example [18] Section 3.8, the corresponding 3-manifold M ρ = H 3 /G is topologically Σ × (0, 1). Such a group G is a geometrically finite cusp group on the boundary (in the algebraic topology) of the set of quasifuchsian representations of π 1 (Σ). The 'top' component Ω + /G of the conformal boundary may be identified to Σ×{1} and is homeomorphic to Σ. On the 'bottom' component Ω − /G, identified to Σ × {0}, the two curves σ 1 , σ 2 corresponding to the generators S 1 , S 2 have been pinched, making Ω − /G a union of two triply punctured spheres. The conformal structure on Ω + /G, together with the pinched curves σ 1 , σ 2 , are the end invariants of M in the sense of Minsky's ending lamination theorem. Since a triply punctured sphere is rigid, the conformal structure on Ω − /G is fixed independent of ρ. The structure on Ω + /G varies; it follows from standard Ahlfors-Bers theory using the measurable Riemann mapping theorem (see again [18] Section 3.8), that there is a unique group corresponding to each possible conformal structure on Ω + /G. Formally, the Maskit embedding of the Teichmüller space of Σ is the map
which sends a point X ∈ T (Σ) to the unique group G ∈ M for which Ω + /G has the marked conformal structure X.
2.2.
A concrete realisation of M. Groups in M may be manufactured by the plumbing construction of Kra [17] , see Section 2.3 below. Here we simply write down a suitable holomorphic family of representations and verify directly that groups thus constructed have the required properties. Groups in the family depend on two complex parameters τ 1 , τ 2 ∈ C.
To define ρ(π 1 (Σ)) → SL(2, C), it suffices to give the images of the three free generators S 1 , S 2 , T of π 1 (Σ). Following [15] , for τ 1 , τ 2 ∈ C define ρ = ρ(τ 1 , τ 2 ) by:
Denote the image of ρ(τ 1 , τ 2 ) by G(τ 1 , τ 2 ). Note that the holomorphic family G = {G(τ 1 , τ 2 ) : τ i ∈ C} has complex dimension 2, the dimension of Teich(Σ). Not all groups G lie in M, in particular any representation with τ i = 0, i = 1, 2 is Fuchsian and so not in M. We also need to restrict τ 1 , τ 2 so as to have only one copy of each group up to conjugation. By abuse of notation, for W ∈ π 1 (Σ), we shall use W also to denote the image ρ(W ) ∈ G(τ 1 , τ 2 ), and write W = W (τ 1 , τ 2 ) as needed to avoid confusion. By direct computation (see Appendix 1) we find Tr [S i , T −1 ] = τ 2 j + 2 where j = 1 + i mod 2. Thus τ 2 1 , τ 2 2 are invariant functions on R, so that the component C 2 + of C 2 \ τ i = 0 with τ i > 0, i = 1, 2, consists entirely of non-conjugate groups.
The following propositions from [16] justify our use of the family G. Figure 3 , in which the disks B 2 , B 3 have equal radius 1/ τ 2 . The formal proof that G is free and discrete is a straightforward application of Maskit's second combination theorem, [20] p.160. To see that G ∈ M, one checks from the proof of the combination theorem that the lower half plane and the half plane above the line z = τ 1 project to the two triply punctured spheres which together form Ω − /G, while the simply connected component Ω + is contained in the strip 0 < z < τ 1 . The claim about Λ also follows. For further details, see Appendix 1.
As explained above, a standard argument using the measurable Riemann mapping theorem now shows that any group in M can be represented by a group in G. Complementing Proposition 2.1 we have the following result, also proved in Appendix 1.
We shall mainly do our calculations with G normalised as above, so that S 1 (z) = z + 2. On occasion it is convenient to normalise S 2 in this way, in which case we interchange the roles of τ 1 and τ 2 . More precisely we have:
To get some further feeling for M, note that the right Dehn twist
By abuse of notation, from now on we use M to denote the set of (τ 1 , τ 2 ) with τ i > 0 and for which the group G(τ 1 , τ 2 ) has properties (i), (ii) and (iii) above. The above two propositions give rough bounds on the shape of M.
2.3.
The plumbing construction. The parameters τ i have geometrical meaning as the plumbing parameters of Kra [17] . The idea is to make a projective structure on Σ by starting from two triply punctured spheres with punctures identified in pairs. One 'plumbs' across the punctures by identifying punctured disk neighbourhoods D, D of the two paired cusps using the formula zw = τ where z, w are holomorphic parameters in D and D . In the hyperbolic metric, this corresponds to identifying the punctured disks by twisting by τ and scaling by a factor of τ . Making this construction in the above setting, with plumbing parameter τ i across the puncture corresponding to σ i , results in the family G.
Bending lines and pleating rays
Let M = H 3 /G be a hyperbolic 3-manifold, and let C/G be its convex core, where C is the convex hull in H 3 of the limit set of G, see [9] . If M is geometrically finite then there is a natural homeomorphism between each component of ∂C/G and of Ω/G. Each component F of ∂C/G inherits an induced hyperbolic structure from M . Moreover F is a pleated surface, meaning that it is the isometric image under a map f : H → M of a hyperbolic surface H which restricts to an isometry into M on the leaves of a geodesic lamination L on H, and which is also an isometry on each complementary component of L. (Strictly, the pleated surface is the pair (H, f ); this becomes important when considering the induced marking on F .) We call L the bending lamination of F and the images of the complementary components of L, the flat pieces of F . The bending lamination carries a transverse measure called the bending measure which describes the angles between the flat pieces, see [9] for details. By a bending line of F , we will mean any complete geodesic on ∂C/G which is either completely contained in L, or in the interior of a flat part. We also use the term bending line to mean any lift of a bending line of F to a complete geodesic in H 3 .
We shall be interested in manifolds for which the bending lamination is rational, that is, supported on closed curves. Denote the space of homotopy classes of simple closed essential loops on F by S(F ) and the space of measured laminations on F by M L(F ). The subset of rational laminations is denoted M L Q and consists of measured laminations of the form i a i δ γ i , abbreviated i a i γ i , where the curves γ i ∈ S(F ) are disjoint and non-homotopic, a i ≥ 0, and δ γ i denotes the transverse measure which gives weight 1 to each intersection with γ i . If i a i γ i is the bending measure of a pleated surface F , then a i is the angle between the flat pieces adjacent to γ i , also denoted θ γ i . In particular, θ γ i = 0 if and only if the flat pieces adjacent to γ i are in a common totally geodesic subset of ∂C/G, equivalently have lifts which lie in the same hyperbolic plane in H 3 .
We take the term pleated surface to include the case in which a closed leaf γ of the bending lamination maps to the fixed point of a rank one parabolic cusp of M . In this case, the image pleated surface is cut along γ and thus may be disconnected. Moreover the bending angle between the flat pieces adjacent to γ is π. This is because for a geometrically finite group, the punctures on the two components of ∂C/G are paired and the associated flat pieces lift to two tangent half planes in H 3 , see e.g. [18] Chapter 3 for details.
The key results about the existence of hyperbolic manifolds with prescribed bending laminations are due to Bonahon and Otal. We need the following special case of their main theorem:
Then there exists a geometrically finite group G such that M = H 3 /G and such that the bending measures on the two components ∂C ± /G of ∂C/G equal ξ ± respectively, if and only if a Specialising now to the case of interest to this paper, let ρ = ρ(τ 1 , τ 2 ) be a representation π 1 (Σ) → SL(2, C) in the family G from Section 2, and suppose that the image G = G(τ 1 , τ 2 ) ∈ M. The boundary of the convex core C/G has three components, one ∂C + /G facing Ω + /G and homeomorphic to Σ, and two triply punctured spheres whose union we denote ∂C − /G. The induced hyperbolic structures on the two components of ∂C − /G are rigid, while the structure on ∂C + /G varies. We denote the bending lamination of ∂C + /G by β(G) ∈ M L. Following the discussion above, we view ∂C − /G as a single pleated surface with bending lamination π(σ 1 + σ 2 ), indicating that two triply punctured spheres are glued across the annuli whose core curves σ 1 and σ 2 correspond to the parabolics S i ∈ G.
is the bending measure of a group G ∈ M if and only if i(ξ, σ 1 ), i(ξ, σ 2 ) > 0. If such a structure exists, it is unique.
3.1. Pleating rays. Denote the set of projective measured laminations on Σ 1,2 by P M L and the projective class of
. To simplify notation we write P ξ for P [ξ] and note that P ξ depends only on the projective class of ξ, also that P ξ is non-empty if and only if ξ is admissible. In particular, we write P γ for the ray P [δγ ] . As β(G) increases, P ξ limits on the unique geometrically finite group G cusp (ξ) in the algebraic closure M of M at which at least one of the support curves to ξ is parabolic, equivalently so that
Likewise for disjoint non-homotopic curves γ 1 , γ 2 ∈ S, we define the pleating plane P γ 1 ,γ 2 of γ 1 , γ 2 to be the set of groups G ∈ M for which β(G) = a i γ i with a i > 0. Thus P γ 1 ,γ 2 is the union of the pleating rays P ξ with ξ = a i γ i , a i > 0. The rays P γ 1 , P γ 2 are clearly contained in the boundary of P γ 1 ,γ 2 ; note that γ i may not be admissible even though ξ = a i γ i is. We call planes for which one or other of the support curves is not admissible degenerate, as they do not contain the corresponding ray P γ i . We write P γ 1 ,γ 2 = ∪ η P η where the union is over η = a i γ i with a 1 , a 2 ≥ 0.
The following key lemma is proved in [8] Notice that the lemma applies even when the bending angle θ γ along γ vanishes. Thus if G ∈ P γ 1 ,γ 2 we have Tr g ∈ R, i = 1, 2, for any g ∈ G whose axis projects either curve γ i .
In order to compute pleating planes, we need the following result which is a special case of Theorems B and C of [8] , see also [12] . Recall that a codimension-p submanifold N → C n is called totally real if it is defined locally by equations f i = 0, i = 1, . . . , p, where f i , i = 1, . . . , n are local holomorphic coordinates for C n . As usual, if γ is a bending line we denote its bending angle by θ γ . Recall that the complex length cl(A) of a loxodromic element A ∈ SL(2, C) is defined by Tr A = 2 arc cosh cl(A)/2, see e.g. [27] or [8] for details. By construction, P γ 1 ,γ 2 ⊂ M ⊂ R(Σ).
Theorem 3.4. The complex lengths clγ 1 , clγ 2 are local holomorphic coordinates for R(Σ) in a neighbourhood of P γ 1 ,γ 2 . Moreover P γ 1 ,γ 2 is connected and is locally defined as the totally real submanifold Tr γ i = 0, i = 1, 2 of R. Any pair (f 1 , f 2 ), where f i is either the hyperbolic length cl(γ i ) or the bending angle θ γ i , are global coordinates on P γ 1 ,γ 2 .
This result extends to P γ 1 ,γ 2 , except that one has to replace cl(γ i ) by Tr γ i in a neighbourhood of a point for which γ i is parabolic. In fact as discussed in [8] Section 3.1, complex length and traces are interchangeable except at cusps (where traces must be used) and points where a bending angle vanishes (where complex length must be used). The parameterisation by lengths or angles extends to P γ 1 ,γ 2 .
Notice that the above theorem gives a local characterisation P γ 1 ,γ 2 as a subset of the representation variety R and not just of M. In other words, to locate P, one does not need to check whether nearby points lie a priori in M; it is enough to check that the traces remain real and away from 2 and that the bending angle on one or other of θ γ i does not vanish. As we shall see, this last condition can easily be checked by requiring that further traces be real valued.
Canonical coordinates for simple curves
Our main result Theorem A involves the explicit coordinatisation of the space M L = M L(Σ 1,2 ) of measured laminations on Σ 1,2 introduced in [15] . The coordinates, called π 1,2 -coordinates in [15] and canonical coordinates in this paper, are essentially Dehn-Thurston coordinates relative to the curves σ 1 , σ 2 . They are global coordinates for M L which take values in (R + × R) 2 , the sign of a given coordinate in a given chart being constant. At the same time, they can be viewed as giving a piecewise linear cone structure to M L, the charts being laminations supported on a particular set of train tracks on Σ. Modulo their boundaries, these charts partition M L; which chart supports a given lamination being determined by simple linear inequalities between their coordinates. The coordinates are set up so as to maintain as close an analogy as possible with the once punctured torus Σ 1,1 . The charts are also very closely related to the π 1 -train tracks of [2] .
In more detail, the canonical coordinates
of a curve γ ∈ S(Σ 1,2 ) are defined as follows. We set q i (γ) = i(γ, σ i ) ≥ 0. Since σ 1 , σ 2 together bound a pair of pants we note:
(1) q 1 + q 2 ∼ = 0 mod 2. This equation will be important in Section 7.
The definition of p i (γ) (which is more complicated and can be omitted at first reading) is made relative to the fundamental domain ∆ of Section 2.2. The reader may find the discussion for Σ 1,1 in Appendix 2 enlightening. Figure 4 . Typical configuration for canonical coordinates. The cell shown is defined by the five inequalities
Referring to Figure 4 , label each side of ∆ by the generator which carries it to a paired side, so that the bottom side is labelled s T since T carries it to the top side s respectively. Since each side joins a puncture to a puncture, the intersection numbers of a curve γ ∈ S with these sides are well defined. Let s 0 be the arc joining the vertices v 0 , v 1 in the middle of the vertical sides of ∆, which both project to the puncture S 2 S −1 1 on Σ 1,2 . This partitions ∆ into two four sided 'boxes' B 1 , B 2 with sides s 0 , s S i , s S i −1 and s T −1 or s T respectively. The geodesic representative of γ on ∆ intersects each box B i in a number of pairwise disjoint arcs, none of which runs from one side of B i to itself. We observe, see [15] Lemma 4.1, that in at least one box B i , there is either no 'corner arc' joining s 0 to s S i , or no corner arc joining s 0 to s S i −1 . This is because if strands of γ included all four corner arcs in both boxes, the 'innermost' such arcs would link to form a loop round the puncture S 2 S −1 1 which is the projection to Σ 1,2 of v 0 and v 1 . This is impossible. In a similar way, there cannot be corner arcs surrounding all of the four vertices w 0 , . . . , w 3 marked in Figure 4 , since their innermost strands would link to form a loop round the common projection of the w i , the puncture S 1 T S −1 2 T −1 . Using this together with the 'switch conditions' i(γ,
. It also follows that there are equal number of arcs joining each pair of diagonally opposite corners of each B i .
Suppose for definiteness that the box with missing corner arcs is B 1 . In this situation, it is not hard to see that q 1 (γ) = i(γ, σ 1 ) = i(γ, σ 0 ). In analogy with the case of Σ 1,1 as described in Appendix 2, we define
If B 2 is the box with missing corner arcs, make similar definitions with the roles of p 1 , p 2 reversed.
To fix the sign of p 1 , take p 1 > 0 if there is an arc of γ joining s S 1 to s T −1 and p 1 ≤ 0 otherwise. Likewise take p 2 > 0 if there are w > χ arcs of γ joining s S 2 to s 0 and p 2 ≤ 0 otherwise. If q 2 ≤ q 1 we make similar definitions interchanging the indices 1, 2.
The intuition behind this definition is that we are thinking of each B i as a fundamental domain for a once punctured torus Σ i 1,1 with opposite sides identified. With such an identification, the arcs of γ in B i would glue up to form a multiple loop on Σ i 1,1 . As is well known, closed curves on Σ 1,1 are in bijective correspondence with lines of rational slope in R 2 . The coordinate (q i , p i ) indicates that the 'slope' of γ in B i is p i /q i , see Appendix 2. The number χ is the number of 'corner strands' joining adjacent sides of B i which, were the box actually Σ 1,1 , would link to form χ copies of a loop round the puncture. Such corner strands occur in box B 2 if and only if q 2 > q 1 ; this is why we subtracted χ from the B 2 -intersection numbers only. Note that, in contrast to Σ 1,1 , the numbers q i , p i are no longer in general relatively prime. Up to the choice of a base point for the twist, p i /q i is the Dehn-Thurston twist coordinate of γ relative to σ i , see [23] Lemma 3.5 and Section 6.4 below.
The connection between this definition and the more standard cell decomposition of M L by weighted train tracks is as follows. Collapse all the arcs of γ joining one side of B i to another, into a single strand joining the midpoints of the same two sides. The collapsed strands join across s 0 to form a train track on Σ 1,2 , whose branches are the strands and all of whose switches are at the midpoints of the sides (including s 0 ). In [15] we called these special tracks, π 1,2 -train tracks; here we refer to them as canonical. The non-negative weights on this collection of train tracks form a cell decomposition of M L(Σ 1,2 ). However the coordinates (|p i |, q i ) are not in general equal to the actual weights on these rather complicated configurations of branches. Rather, i(γ) has global meaning. Inequalities among the coefficients of i(γ) determine which track in the cell decomposition supports a given curve γ and, given the cell, the coefficients determine the weights on the track.
Canonical coordinates extend naturally by linearity and continuity to global coordinates for M L(Σ 1,2 ). The cell structure is best understood by referring to Figure 9 in Appendix 2. This shows the four cells for Σ 1,1 which glue to form P M L(Σ 1,1 ) = S 1 . Each of the four configurations in Figure 9 can occur in either B 1 or B 2 , and for each such configuration there are 2 further options for the box in which q i > q j , This makes in all 32 cells, the images of which in P M L glue along their faces to make S 3 , see [15] .
An important feature of canonical coordinates is that it is easy to read off the coordinates of a curve γ W ∈ S represented by a word W in the generators S 1 , S 2 , T of π 1 (Σ). First, write W as a cyclically shortest word e 1 e 2 . . . e n and set e n+1 = e 1 . Draw arcs on ∆ from s e i to s e
−1 i+1
, i = 1, . . . , n. Suppose that γ W is simple on Σ. Then by [15] Theorem 3.1, these arcs can be arranged so as to be pairwise disjoint and the weighted canonical track they define gives precisely the canonical coordinates of γ W . This method, similar to the method of π 1 -train tracks developed at length in [2] , was crucial in the proof of the top terms formula below. Some examples are given in Section 5.
4.1. Top terms formula. Canonical train tracks and coordinates were used in [15] to study matrices ρ(W ) in the family G of Section 2.2, where W ∈ π 1 (Σ 1,2 ) corresponds to γ W ∈ S. The matrix coefficients and hence the trace Tr W are clearly polynomials in τ 1 , τ 2 . 
where R(q 1 + q 2 − 2) denotes a polynomial of degree at most q 1 in τ 1 and q 2 in τ 2 and with total degree in τ 1 and τ 2 at most q 1 + q 2 − 2. If q 2 = 0 then Tr W is a polynomial in τ 1 only, and
while if q 1 = 0 there is a similar expression in τ 2 .
4.2.
The Thurston symplectic form. Thurston defined a symplectic form Ω Th on M L, the symplectic product being defined for curves carried by a common train track τ , see for example [26] . By splitting, we can arrange that every switch v of τ is trivalent with one incoming branch and two outgoing ones. Since Σ is oriented, we can distinguish the right and left hand outgoing branches, the left hand branch being the one to be followed by a British driver approaching v from the incoming branch, see Figure 5 . If n, n are non-negative weightings on τ (representing points in M L), we denote by b v (n), c v (n) the weights of the left hand and right hand outgoing branches at v respectively. The Thurston product is defined as
incoming branch Figure 5 . Weighted branches at a switch.
Bearing in mind the interpretation of canonical coordinates as weights on train tracks, we can interpret this definition in terms of canonical coordinates. It is then not hard to check the following rather remarkable result: Proposition 4.2. Suppose that loops γ, γ ∈ S are supported on a common canonical train track with coordinates
To check the last statement, note first that disjoint curves are necessarily supported on the same canonical track. Then check that Ω Th is invariant under splitting and shifting. Then split and shift until the two curves are supported on disjoint train tracks.
Computation and examples
Before embarking on the proof of Theorem A, we briefly discuss its implications for computation and then give a few examples which it is possible to work out by hand.
Computation. Let us return to the original problem of locating M.
Conjecturally, the pleating planes are dense in M. (This was proved for M(Σ 1,1 ) in [12] .) Thus we concentrate on the problem of locating a given pleating plane P γ 1 ,γ 2 in the parameter space
denote respectively the real analytic varieties in H 2 on which Tr γ i ∈ R \ [−2, 2] and Tr γ i = ±2. By Theorem 3.4, P γ 1 ,γ 2 is a connected totally real submanifold of V >2 (γ 1 ) ∩ V >2 (γ 2 ). Its boundary is contained in V =2 (γ 1 ) ∪ V =2 (γ 2 ) and the two rays P γ 1 and P γ 2 . By Theorem B, as long as the pair γ 1 , γ 2 is not exceptional (for which see Lemma 7.4 and Theorem 7.5),
is a 2-manifold and has a unique branch near infinity satisfying the conditions of Theorem A.
The ray P γ 1 may be determined as follows. At points on P γ 1 , the surface ∂C + /G cut along γ 1 is flat. Therefore the trace of any curve δ disjoint from γ 1 lies in the variety V >2 (δ). One can show (see Lemma 7. 2) that of any two admissible curves δ, δ disjoint from γ 1 and distinct from γ 2 , at least one will have the property that V >2 (δ) ∪ V >2 (γ 1 ) is transverse to P γ 1 ,γ 2 , so that the equations γ 1 , δ, δ ∈ R together with the conditions of Theorem A are enough to determine P γ 1 . Finally, since P γ 1 ,γ 2 is the union of the rays P ξ for ξ with support γ 1 , γ 2 , it must the connected component of the unique branch of V >2 (γ 1 ) ∩ V >2 (γ 2 ) which interpolates between P γ 1 and P γ 2 as τ i → ∞.
This means that in principle, given a means of computing sufficiently many traces, P γ 1 ,γ 2 can be determined computationally without needing any further tests to see if G is discrete. In particular, one can locate the one (real)-dimensional boundary of P γ 1 ,γ 2 on ∂M, along which at least one of the elements γ 1 , γ 2 is parabolic. By [21] , such geometrically finite group cusp groups are dense in ∂M. In the one dimensional case, this is exactly the procedure which gives Figure 1 . We hope to discuss the practical implementation of this programme elsewhere.
Examples.
Following [16] , we will identify pleating rays and planes formed by various combinations of the curves corresponding to the elements
. Let γ W be the curve corresponding to element W and write P W for P γ W and Tr W for Tr ρ(W ) with ρ = ρ(τ 1 , τ 2 ) defined as in Section 2.2.
We compute: 
we find following the method outlined in Section 4: Figure 6 . The pleating planes discussed in Examples 1-3a below are shown in the left frame of Figure 7 and those of Example 4 on the right.
Example 1: The pleating ray P T . On P T , the surface Σ T := Σ \ γ T is flat and hence not only γ T , but also any curve contained in Σ T , has real trace. Since γ T is disjoint from both γ [S 1 ,T −1 ] and γ [S 2 ,T −1 ] , it follows that 2 + 4τ 2 j ∈ R, i = 1, 2 and 2 + τ 1 τ 2 ∈ R. We deduce that on P T , τ 1 = τ 2 = 0. Since γ T is also disjoint from γ S 1 S −1 2 T −1 , by the same reasoning, τ 1 τ 2 + 2τ 2 − 2τ 1 ∈ R, from which we deduce τ 1 = τ 2 . (Disjointness of curves can be easily checked by drawing disjoint representatives on the Figure 6 . The curves
fundamental domain ∆, taking into account how the arcs link across the glued sides. In this instance, the curve T is an arc from s T to s T −1 which is clearly disjoint from both curves illustrated in Figure 6 .) The conditions τ 1 = τ 2 = 0,
, and T is parabolic exactly at the point at which τ 1 = 2. It follows from Theorem 3.4 and the discussion above, that P T = L ∩ { τ 1 > 2}. To compare with Theorem A, since p i (T )/q i (T ) = 0, i = 1, 2 and q 2 (T )/q 1 (T ) = 1, in this special case, P T is actually equal to the line
The endpoint point E T = (2i, 2i) of P T represents the unique group G cusp (T ) for which S 1 , S 2 and T are all parabolic and the remaining part of ∂C + /G is totally geodesic.
In this very special case, it is also possible to verify directly, following the methods of [12] , that groups on L have convex hull boundary which is bent exactly along the curve γ T , and that by symmetry the geodesic axis of γ T meets both the geodesic representatives of σ i = γ S i on ∂C + /G orthogonally.
Example 2: The pleating ray P S 1 S −1 2 T −1 . The easy way to locate this ray is to note that 1) where L is as in Example 1. Since in this case p 1 /q 1 = −1, p 2 /q 2 = 1 and q 2 /q 1 = 1, this is again in accordance with Theorem A. 0 (2, −2) (−2, 2)
(1, 4) (4, 1) (2, 2) Then T is parabolic along the arc of |τ 1 | = 2 from E T to E 3 and S 1 S −1 2 T −1 is parabolic along the arc of |τ 1 − 2| = 2 from E S 1 S −1 2 T −1 to E 3 . At E 3 , both T and S 1 S −1 2 T −1 are parabolic. Thus E 3 represents a double cusp group in which T, S 1 S −1 2 T −1 , S 1 , S 2 are all parabolic. (There is a unique such group, either by the ending lamination theorem, or more simply by [11] .) It follows from the above discussion that
, as illustrated in the left frame of Figure 7 .
The next example shows that distinct planes may be contained in the same real trace variety in C 2 + . Example 3a: The pleating plane P 2 = P T,S 
Thus the two pleating planes P 1 and P 2 are both contained same plane Π ⊂ C 2 + . They meet along the line P T contained in the boundary of both, see the left frame of Figure 7 .
Our final example is of degenerate pleating planes.
Example 4: The pleating planes
, we locate its boundary curves in Π . Part of the boundary is the line P T = L of Example 1, along which τ 1 = τ 2 . In Π , the element [S 1 , T −1 ] is parabolic along the line τ 2 = i and T is parabolic along the hyperbola { τ 1 τ 2 = 4}. These two loci meet exactly once at the point (4i, i) which therefore represents the maximally pinched group for which S 1 , S 2 , T and [S i , T −1 ] are all parabolic. We conclude that P T,[S 1 ,T −1 ] is the region P 4 in Figure 7 bounded by the line {(ti, ti) : t ≥ 2}, the arc A 1 of { τ 1 τ 2 = 4} from (2i, 2i) to (4i, i) along which T is parabolic; and the line A 2 = {(ti, i) : t ≥ 4} along which [S 1 , T ] is parabolic. Along A 1 , the bending angle θ [S 1 ,T −1 ] increases from zero to π while θ T ≡ π; along A 2 , we have θ [S 1 ,T −1 ] ≡ π while θ T decreases from π to the unattainable value 0.
The individual pleating ray P ξ with ξ = a 1 T + a 2 [S i , T ], is asymptotic to the line τ 2 / τ 1 = q 1 (ξ)/q 2 (ξ) = a 1 /(a 1 + a 2 ); the missing fourth boundary curve of P T,[S 1 ,T −1 ] would correspond to the non-existent ray
A similar argument shows that
, the region P 3 in the figure. Thus P 3 and P 4 are contained in the same plane in C 2 + . Also note that the curves
,T ] are all disjoint from γ T and that the ray P T is the common boundary of all four pleating planes P 1 , . . . , P 4 .
Behaviour on a pleating variety
The heart of the proof of Theorem A is the geometry of ∂C + /G for groups G = G ξ (θ) ∈ P ξ as θ → 0. Let σ + = σ + i denote the geodesic representative of σ i on ∂C + /G and let l + σ = l + σ i be its hyperbolic length in the hyperbolic structure on ∂C + /G. We show that l + σ → 0 as θ → 0, while σ + becomes asymptotically orthogonal to the bending lines. From this we deduce results on the asymptotic behaviour of τ 1 , τ 2 . The main result of this section will be:
Theorem 6.1 and the Corollary follow immediately from Propositions 6.6, 6.11 and 6.14. At the end of the section, we also prove Theorem C.
6.1. A note on constants. Throughout this section, we will make many estimates of the form X(σ i ) ≤ O(θ e ), where X is some quantity which depends on the curve σ i , meaning that X ≤ cθ e as θ → 0 for some constant c > 0, and e is an exponent (usually e = 1, 2 or 1/2). These estimates all depend on the lamination ξ, so more precisely one has X ≤ c(ξ)θ e . However it is easily seen by following through the arguments that the dependence on ξ is always of the form X(σ i ) ≤ cq i (ξ) e θ e , where now c is a universal constant independent of ξ. The dependence of the constants on ξ is not important for our final arguments in Section 7, but we note it as it may be useful elsewhere.
In what follows, X ≥ −O(θ)Y means that X ≥ −cY θ for some constant c > 0. 6.2. Length estimates on ∂C + . We begin by estimating the lengths l + σ i . We prove two main results, Propositions 6.4 and 6.6, which relate l + σ i to θ and τ respectively. The first shows in particular that l + σ i → 0 as θ → 0. We shall several times use the following estimate which is [28] Lemma 5.4, see also [5] Theorem 4.2.10. Since the proof is so simple, we repeat it here. Lemma 6.3. Let λ be a piecewise geodesic arc in H 3 with endpoints P and P , and letλ be the H 3 geodesic joining P to P . Suppose that for all X ∈ λ the angle between P X and λ is bounded in modulus by a ∈ (0, π/4). Then lλ ≥ (cos a)l λ for all X ∈ λ, where l λ and lλ are the lengths of λ andλ respectively.
Proof. Join P to a variable point X on λ between P and P (see Figure 3 in [28] ). If P X has length x, the distance from P to X along λ is t, and the acute angle between P X andS + at X is ψ, then at every non-bend point of λ, one has dx/dt = cos ψ, see [5] Lemma 4.2.12.
Proposition 6.4. Let ξ ∈ M L Q be admissible. As usual, let G ξ (θ) ∈ P ξ be the unique group G ∈ M with β(G) = θξ. Then
as θ → 0. to ∂C + invariant under translation S. ThenS + is made up a number of H 3 -geodesic segments which meet at bending points whereS + crosses a bending line of ∂C + . Choose a bending point P = P 0 , let P 0 , P 1 , . . . , P k , P k+1 = P be in order the bending points along one period ofS + between P 0 and P k+1 = S(P 0 ), and let s i be the segment from P i−1 to P i , see Figure 8 .
Let φ i denote the exterior angle between the geodesic segments s i , s i+1 of S + which meet at P i , measured so that φ i ≥ 0 and so that φ i = 0 means that s i , s i+1 are collinear. (This will be the case exactly when the bending line containing P i is contained in the interior of a flat piece of ∂C + .) If θ i is the bending angle of ∂C + at P i , then φ i ≤ θ i , see Appendix 3. Hence Figure 8 . The geodesic representativeS + of σ on ∂C + . Now consider the triangle ∆ with vertices ∞, P, P . Since P, P are at the same Euclidean height above C in H 3 , the angles in ∆ at P and P are equal, to w/2 say. Let E be the (non-planar) polygon bounded by the H 3 -geodesic P P and the segments s i ofS + , and let u, v be the interior angles in E at P, P respectively, see Figure 8 . The Euclidean translation S carries the Euclidean configuration at P to that at P = S(P ). It follows (using the triangle inequality in the spherical metric on the link of P ) that (3) φ 0 + u + v + w ≥ π. Summing over the interior angles of E gives
Combining (2), (4) and (3), we find
Now the angles in ∆ at P and P are both w/2, so by the angle of parallelism formula,
Finally, we claim that
for small θ, from which the result is immediate. This follows easily from Lemma 6.3. We have only to see that the angle ψ between the line P X from P to any point X onS + is bounded above by θi(σ, ξ). This follows since along the interior of any segment ψ decreases as x increases, and since at the bend point P i it increases by at most θ i . This gives d ≥ l + σ (1 − O(θ 2 )) and the result follows.
Corollary 6.5. Let ξ ∈ M L Q be admissible and suppose that G(τ 1 , τ 2 ) is the unique group G ξ (θ) in M with β(G) = θξ. Then 1/ τ i ≤ O(θ), i = 1, 2, as θ → 0. Moreover the groups G ξ (θ) have no algebraic limit as θ → 0.
Proof. As above, we work in the upper half space model and we assume G = G ξ (θ) normalised so that S = S i is the translation z → z + 2. Define P, P as before. Let k be the Euclidean height k of P above C. Then 1/k = sinh d H 2 (P, P )/2 while on the other hand, d H 2 (P, P ) ≤ l σ + ≤ O(θ).
It follows that 1/k ≤ O(θ).
Now P lies on a bending line ζ of ∂C + which is contained in a support plane to ∂C + . This plane is a hemisphere H ⊂ H 3 which meetsĈ in a circle C. Since the convex core is contained entirely to one side of H, there are no limit points in one of the two discs inĈ bounded by C. Since the horizontal lines z = 0 and z = τ i are contained in the limit set Λ, and since the half planes z < 0 and z > τ i are contained in Ω − , it follows that C is contained in {z : 0 ≤ z ≤ τ i } and hence that its diameter is at most τ i . We deduce 2/ τ i ≤ 1/k so that 1/ τ i ≤ O(θ) as claimed.
To prove that the algebraic limit of a sequence of groups does not exist, it is enough to show that the trace of some element becomes infinite. The result follows on recalling from Section 2.2 that Tr [T, S
Now we establish a more precise link between l + σ i and τ i : Proposition 6.6. Let ξ ∈ M L Q be admissible and suppose that G(τ 1 , τ 2 ) is the unique group G ξ (θ) ∈ M with β(G) = θξ. Then
Remark 6.7. Kra [17] p. 568 gives the estimate τ i −1 ≤ 2π/l σ i (Ω + ) ≤ τ i for the hyperbolic length l σ i (Ω + ) of the geodesic representative of σ on Ω + /G. Combining this with Sullivan's theorem [9] , gives an alternative proof of the final statement of Corollary 6.5. The discrepancy of the π/2 factor with the estimate in Proposition 6.6 is perhaps somewhat surprising, as one would expect that, since G becomes asymptotically Fuchsian, the structures on ∂C + /G and Ω + /G would be asymptotically equal. For a quick confirmation of Kra's estimate, note that Ω + contains an S invariant strip of width τ −1, so that there is an annular collar A of approximate modulus τ /2 around S on Ω + . Kra's estimate follows from the formula mod A = π/l σ (Ω + ) + O(1), see for example [23] p.255.
We begin the proof of Proposition 6.6 with two lemmas. Lemma 6.8. Let ξ ∈ M L Q be admissible. Normalize G ξ (θ) so that S i is translation z → z + 2. Let γ be a bending line of the pleating lamination ξ which intersects σ i . Then there is a liftγ of γ with endpoints γ ± such that
Proof. We continue with the set up of Corollary 6.5. We can choose a liftγ of γ to be identified with the bending line ζ in that proof. The endpoints γ ± ofγ lie in C ∩ Λ, where C is a circle contained in the strip B between the lines z = 0 and z = τ i and as usual Λ is the limit set of G. By Proposition 2.1, Λ is contained in the union of the two strips 0 ≤ z ≤ 1/2 and τ i − 1/2 ≤ z ≤ τ i . (This proposition holds on the hypothesis that τ i > 1, which holds for small θ by Corollary 6.5.) Moreover there are no points of Λ in the intersection of the two open disks D and S(D) bounded by C and S(C) and inside B. We deduce that ζ either has Euclidean height at most O(1), or has endpoints one of which is in the rectangle | z| < 1, 0 ≤ z ≤ 1/2 and the other in the rectangle | z| < 1, τ i − 1/2 ≤ z ≤ τ i . Since P ∈γ and since the Euclidean height of P is large by Corollary 6.5, the result follows.
Continuing with the assumption that ξ ∈ M L Q is admissible and that G ξ (θ) is normalized so that S i is translation z → z + 2, we call any lift of a bending line satisfying the conditions of Lemma 6.8, good. Combining with Corollary 6.5 we obtain easily: Corollary 6.9. Letγ be a good lift of a bending line γ and set γ + − γ − = 2re iα , where without loss of generality we take (γ + − γ − ) > 0. Then r = (1 + O(θ)) τ i /2 and |π/2 − α| = O(θ) as θ → 0. Proof. Recall that the complex distance between two axes is d + iψ where d is the real perpendicular distance and ψ is the rotation of one axis relative to the other along their common perpendicular, see e.g. [27] for details. We use the cross ratio formula for complex distance. Let z 1 , z 2 and w 1 , w 2 be endpoints of two oriented geodesics in H 3 at complex distance D. We can conjugate so that z 1 , z 2 move to 1, −1 and w 1 , w 2 move to e D , −e D respectively. Then
Applying this formula to the four endpoints ofγ, S i (γ) which are at points γ + , γ − and γ + + 2, γ − + 2 respectively gives
which simplifies to the claimed result.
Proof of Proposition 6.6. Pick a good liftγ of a bending line, and let P be the point whereγ meetsS + . Let Q be the highest point ofγ and let Q = S(Q), so that the Euclidean height of both Q, Q above C is r. Writing d ∂C for the induced hyperbolic metric on ∂C + , we have
where the first inequality follows since the curve on ∂C + from Q to Q is in the homotopy class ofS + , and the final one follows by Lemma 6.3. Now sinh d H 3 (Q, Q )/2 = 1/r and τ − 1 ≤ 2r ≤ τ by Lemma 6.8. Thus
from which we deduce
by Corollary 6.5. Hence
To find an upper bound for 1/l σ + , we use Lemma 6.10. Writing D = d + iψ, note that since d ≤ l σ + it is enough to find an upper bound on 1/d. Comparing real and imaginary parts in the formula of Lemma 6.10 gives sinh d/2 cos ψ/2 = ± sin α/r and cosh d/2 sin ψ/2 = ± cos α/r.
By Corollary 6.9, we have 1/| sin α|
from which
Inequalities (6) and (7) together complete the proof.
6.3. Asymptotic orthogonality. Propositions 6.4 and 6.6 are not enough to give the detailed asymptotics of Theorem 6.1. We also need the following more refined comparison:
Proposition 6.11. Along the pleating variety P ξ , we have
This result is a direct consequence of the fact that asymptotically,S + becomes orthogonal to the bending lines, see Proposition 6.13. The intuition for this is the following. Suppose thatS + were actually perpendicular to all bending lines. Then each good lift of a bending line cut byS + would have Euclidean height between τ /2 − 1 and τ /2, and in the proof of Proposition 6.4, Equations (2) and (3) would be equalities. Since E has area O(θ 2 ), in this situation (5) becomes an equality up to O(θ 2 ). This situation actually pertains in the case in which there is unique bending line in the class of T (in which case E = ∅), see Example 1 in Section 5.
Lemma 6.12. Letγ be a good lift of a bending line and as above, let P, P be the points at whichS + meetsγ and S(γ) respectively. If K is the Euclidean centre on C of the semicircleγ, then ∠P KQ = O( √ θ).
Proof. As in Corollary 6.5, let k denote the Euclidean height of P . We have sinh d H 3 (P, P )/2 = 1/k and 1/k < O(θ). Hence d H 3 (P, P ) = 2(1 + O(θ 2 ))/k. We will estimate k/r = cos ∠P KQ. By Lemma 6.3:
and hence
))/k. On the other hand, by Proposition 6.6 and Lemma 6.8,
Combining these two equations gives
Now we prove our result on asymptotic orthogonality.
Proposition 6.13. Along the pleating variety P ξ , the curveS + is asymptotically orthogonal to the bending lines as θ → 0. More precisely, suppose thatS + meets an (oriented) bending lineγ at a point P so that the acute angle betweenS + andγ is ψ(P ).
Proof. As usual, we may suppose thatγ is a good lift of a bending line, and we let P = S(P ). Let κ denote the geodesic arc in H 3 from P to P . Let u, v, w be forward pointing unit vectors at P alongS + , κ, andγ respectively, where κ,S + are given the same orientation and the orientation ofγ is from γ − to γ + , where γ − < γ + . Let Ψ(x, y) denote the angle between the vectors x and y at P , so that ψ(P ) = Ψ(u, w). From Equation (4) in the proof of Proposition 6.4, we have Ψ(u, v) ≤ θi(σ, ξ). Thus it will suffice to show that |Ψ(v, w) − π/2| = O( √ θ). We prove this by a finding a sequence of small rotations which, when applied to v and w, results in a pair of perpendicular vectors.
Let Γ be the vertical plane containingγ and let Z be the footpoint of the perpendicular from P to C. As in Lemma 6.12, let K be the footpoint of the perpendicular from the highest point Q onγ to C. Let Θ 1 be rotation by an angle ∠P KQ about a line perpendicular to Γ through P , so that Θ 1 (w) is horizontal (i.e. parallel to the base plane C). By Lemma 6.12,
The vectors w and Θ 1 (w) are in the plane Γ containing γ, which is at angle α to the real axis and hence to the vertical plane Π containing P and P . These two planes intersect in the line ZP . Thus if Θ 2 denotes anticlockwise rotation by π/2 − α about ZP , then Θ 2 (Θ 1 (w)) is orthogonal to Π at P . Since by Lemma 6.8, π/2 − α = O(θ), we have w = Θ 2 (Θ 1 (w)) + O( √ θ). Finally, let ζ be the angle between P Z and the arc κ at P , so that sinh
If Θ 3 is rotation by an angle π/2−ζ about a line perpendicular to Π through P , then Θ 3 (v) is horizontal and lies in Π and Θ 3 (v) = v + O(θ).
By construction Θ 2 (Θ 1 (w)) is orthogonal to Θ 3 (v) , so that putting these three estimates together we find |Ψ(v, w) − π/2| = O( √ θ) as claimed.
Finally, we can prove Proposition 6.11.
Proof of Proposition 6.11. In view of Proposition 6.4, it will be enough to find a bound
We work in the vertical plane Π containing P and P . This plane intersects ∂C + in a path which is a union of H 3 -geodesic segments similar to but not the same as the geodesic path s 0 , s 1 , . . . , s k of Proposition 6.4. Denote the bending points along this path P =P 0 ,P 1 , . . . ,P k+1 whereP k+1 = S(P 0 ) = P , and letŝ i be the segment fromP i−1 toP i .
Letφ i denote the exterior angle between the segmentsŝ i ,ŝ i+1 which meet atP i , measured in the same way as φ in the proof of Proposition 6.4, and let θ i be the bending angle between the support planes of ∂C + which meet atP i . We will prove below that
Denote by l(ŝ i ) the hyperbolic length ofŝ i . We observe:
where the last inequality follows by Lemma 6.3 since from (8) We also prove below that
by (8) . Hence l + σ ≥ θi(ξ, σ)(1 − O(θ)) as θ → 0. This completes the proof, modulo the proofs of (8) and (9) . Proof of (8). This follows from Appendix A.4 in [9] . Suppose that two planes J 1 , J 2 meet at an angle ζ along a line L, so that ζ is the angle between the lines of intersection of J 1 , J 2 with the plane H orthogonal to L. Suppose that H is another plane slightly skewed to H, and let ζ * be the angle between the lines of intersection of J 1 , J 2 with H . Setting things up so that H has unit normal (0, 0, 1) and so that the bisector of the planes orthogonal to L is the vector (1, 0, 0) , the result of [9] gives an estimate of ζ * /ζ in terms of the unit normal (x 1 , x 2 , x 3 ) to H for small x 1 , x 2 . In fact if x i = O( ), i = 1, 2, then we find easily either from the formula for tan ζ * /2/ tan ζ/2 in terms of the x i on p. 246, or from Theorem A.4.2 on p.
To apply the theorem in our case, we want to find the angle between the support planes which meet along the bending line at P i , measured in the plane Π which is slightly skewed to the plane orthogonal to the liftγ i of γ throughP i . In the above set up, the unit vector alongγ atP i is e 3 = (0, 0, 1), and the line bisecting the planes along γ is e 1 = (1, 0, 0).
Let e 3 , e 1 be unit vectors atP i orthogonal to Π, and in Π pointing vertically upwards, respectively. It will be sufficient to show that e 3 = e 3 +O( √ θ) and e 1 = e 1 + O( √ θ). Now ifP i were replaced by the similar configuration at the point P i , then the first result would follow from Corollary 6.9 and Lemma 6.12, while the second would follow from the proof of Proposition 6.4, since as illustrated in Figure 8 , e 1 bisects the angle between s i and s i+1 up to O(θ).
In the move from P i toP i , the estimates for e 3 , e 1 will change by terms on the order of ∠P i K iPi , the angular distance from P i toP i alongγ i . (Here K i is the centre of the Euclidean semi-circleγ i .) We estimate this as follows. Let d i be the perpendicular distance between the plane Π through P parallel to the real axis, and the parallel plane Π i through P i . Since P is joined to P i by segments s 0 , s 1 , . . . s i−1 alongS + , and since it follows from (4) in Proposition 6.4 that each segment s j makes an angle at most O(θ) with the plane P j−1 , we find
Let Z i ,Ẑ i denote the footpoints in C of the vertical lines through P i ,P i . The estimate on d i combined with Corollary 6.9 gives |Z i −Ẑ i | = O(θ 2 ). It follows that the error in replacing P i byP i is of a lower order than those already obtained, and we conclude that e 3 = e 3 + O( √ θ) and
Proof of (9). Let L be a line from ∞ to a variable point X on some segmentŝ i , and let x = x(X) > 0 be the acute angle in the complementary pair ∠P i−1 X∞ and ∠∞XP i . We want to show that |π/2 − x| = O(θ).
Since P 0 and S(P 0 ) are at the same Euclidean height, there is certainly someŝ i 0 containing a point X 0 at which the tangent toŝ i 0 is horizontal, so x(X 0 ) = π/2. Moving away from this point in either direction, x(X) decreases according to the formula sinh t = cot x(X(t)), where the point X(t) is at distance t from X 0 alongŝ i 0 . The change in angle at a bend point isφ i = θ i (1 + O(θ)) by (8), and on the adjacent segment the argument proceeds as before. Since (using Lemma 6.3 again) i l(ŝ i ) ≤ O(θ), the result follows.
6.4. Twisting. To complete the proof of Theorem 6.1, it remains to bound τ i . We have:
Proposition 6.14. Let ξ ∈ M L Q be admissible and suppose that γ ∈ S is contained in the support of ξ. Then if (τ 1 , τ 2 ) ∈ P ξ , we have
Since this result holds for any γ contained in the support of ξ we have:
Corollary 6.15. Suppose that γ, γ ∈ S are supported on a common admissible lamination ξ.
The condition that γ, γ are supported on a common admissible lamination is equivalent to the condition that together with σ 1 , σ 2 they fill up Σ. The value 10 is obtained by following through the constants in the argument below; it could certainly be improved by more careful inspection.
We prove this result using the concept of the twist of one geodesic around another following Minsky [23] . Suppose given a hyperbolic metric h on the surface Σ. The twist tw β (γ, h) of a curve γ about another curve β is defined as follows. Let p be an intersection point of γ with β. Let P be a lift to H 2 of p and letγ,β be the lifts of γ, β through P . Orientγ,β with positive endpoints Z, W respectively on ∂H 2 so that the anticlockwise arc from Z to W does not contain the other two endpoints. Let R be the footpoint of the perpendicular from Z toβ. Let t be the oriented distance P R, where t > 0 if R follows P in the positive direction alongβ and t ≤ 0 otherwise. One verifies, see [23] Lemma 3.1, that t/l β (h) is independent up to an additive error of 1 of the choices made, including the choice of p. Finally, define tw β (γ, h) = inf t/l β (h), where we take the infimum over all possible choices of lifts as above.
Note that the twist is independent of the orientation of β, γ but depends on the choice of hyperbolic metric h ∈ T , where T is the Teichmüller space of Σ. However: Lemma 6.16. ([23] Lemma 3.5, see also [7] Sec. 4.3.) For any two γ 1 , γ 2 ∈ S, the relative twist tw α (γ 1 , h) − tw α (γ 2 , h) is independent of h ∈ T , up to a bounded additive error of 1.
We define the signed relative twist of γ 1 , γ 2 with respective to β to be i β (γ 1 , γ 2 ) = inf h∈T tw β (γ 1 , h)−tw β (γ 2 , h). Here is a useful way of computing it: Lemma 6.17. Let γ 1 , γ 2 ∈ S and letγ 1 ,γ 2 be lifts of γ 1 , γ 2 which cut the fixed axisβ corresponding to β, and let b ∈ Γ be the primitive element whose axis isβ and whose attracting fixed point is the positive endpoint of B, where Γ is the Fuchsian group uniformising h. Then tw β (γ 1 , h)−tw β (γ 2 , h) is equal in magnitude to the number of times the images b n (γ 1 ), n ∈ Z intersectγ 2 , up to a bounded additive error of 1. The sign is negative if b(γ 1 ) followsγ 1 in the positive direction alongγ 2 and positive otherwise.
Proof. This is clear from the definition in a metric in whichγ 1 is orthogonal to B. Whether or not two axes intersect, depends only on the relative position of their endpoints round the boundary at infinity ∂H = S 1 . Since a quasiconformal deformation of H induces a homeomorphism of ∂H, we deduce that the relative positions of endpoints of axes are independent of the metric h, from which the result follows.
We shall prove Proposition 6.14 by computing i σ i (γ, T ) in two different ways, where as usual i σ i (γ, T ) means i σ i (γ, γ T ) where γ T ∈ S is the curve corresponding to the generator T ∈ π 1 (Σ). We have:
Lemma 6.18. Suppose that γ ∈ S has canonical coordinates
Proof. We work in the fundamental domain ∆ of Σ 1,2 and label the sides as in Figure 2 . We also suppose that p 1 ≥ 0. LetÃ be a horizontal strip joining s S 1 to s S
−1 1
, shown shaded in the figure. This projects to an annular neighbourhood A of σ 1 on Σ. We may take our liftσ 1 of σ 1 to be the centre line ofÃ and the liftγ T of the curve γ T to be the arc joining the midpoints of s T and s T −1 . This intersectsÃ in a single arc λ which joins the boundaries ∂ −Ã , ∂ +Ã ofÃ. By the previous lemma, to compute i σ 1 (γ, T ) we have to examine how many images S n 1 (γ T ) cut a fixed liftγ of γ, equivalently how many images S n 1 (γ) cutγ T . The liftγ appears as a collection of disjoint arcs joining sides of ∆, the numbers of arcs joining particular pairs of sides being determined by the canonical coordinates i(γ). It is not hard to see that the magnitude of the relative intersection number i σ i (γ, T ) is, up to an additive error of 1, the number of times that a connected component κ of γ ∩ A cuts the projection π(λ) of λ to Σ. For convenience, replace λ by L = s S 1 ∩Ã. This changes the intersection number by at most 2.
Denote the lift of κ to ∆ byκ. Clearlyκ contains at most two 'corner arcs' (see Section 4) ofγ ∩ ∆, which can be ignored in our count. If p 1 ≤ q 1 thenγ contains no horizontal strands and i(κ, L) ≤ 1. Now suppose p 1 > q 1 . In this caseγ ∩ ∆ contains m > 0 horizontal arcs running acrossÃ joining L to S 1 (L). Thus after entering A across ∂ − A, the component κ travels around A cutting π(L) either m or m + 1 times before exiting across ∂ + A. (This is the well known combinatorics of simple curves crossing a cylinder.) The total number of such connected components is i(σ 1 , γ) = q 1 . On the other hand, the total number of strands ofγ ∩ ∆ which meet L is by definition p 1 . Thus mq 1 ≤ p 1 < (m + 1)q 1 + q 1 and so m = [p 1 /q 1 ]+O(1). Finally, we check from the definition that in the obvious metric h 0 on ∆ in whichσ 1 is orthogonal toγ T , we have i σ 1 (γ, h) < 0 while
The arguments for p 1 < 0 and for S 2 are similar.
Proof of Proposition 6.14. From Lemma 6.18 we have
. On the other hand we can also compute i σ i (γ, T ) as follows. As usual, after normalizing suitably letS + =S + i be the lift of σ i to ∂C + which is invariant under S i : z → z + 2. Ifγ is a good lift of γ, thenγ certainly intersectsS + . Now referring to Figure 3 , let B 2 , B 3 be the circles with equal diameters 2/ τ i tangent to R at 0, and R + τ i at τ i , respectively. It follows from the usual ping-pong theorem methods, that there is a liftT of the axis of T to ∂C + which has one endpoint inside B 2 and one inside B 3 . This lift also clearly cutsS + . By Lemma 6.17, i σ i (γ, T ) is up to sign the number of images S n i (γ) ofγ which cutT . Sinceγ is a good lift , orienting as in Lemma 6.17, we see that
and the result follows.
Proof of Theorem C. As usual let ξ ∈ M L Q be admissible and let G ξ (θ) be the unique group for which β(G) = θξ. Let h(θ) denote the hyperbolic structure of ∂C + /G ξ (θ). Since l + σ i → 0, i = 1, 2, the limit of the structures h(θ) in P M L is in the linear span of δ σ 1 , δ σ 2 . We want to prove that the limit is the barycentre δ σ 1 + δ σ 2 . Let δ, δ ∈ S. Since σ 1 , σ 2 are a maximal set of simple curves on Σ, the thin part of h(θ) is contained in collars A i around σ i of approximate width log(1/l + σ i ) and the lengths of δ, δ outside the collars A i are bounded (with a bound depending only on the combinatorics of δ, δ and hence the canonical coordinates i(δ), i(δ )). By Proposition 6.14 the twisting around A i is bounded. We deduce that for any curve transverse to σ i we have (10) l
see for example [23] Lemma 7.2. By Theorem 6.1 we have l + σ 1 /l + σ 2 → q 2 (ξ)/q 1 (ξ), and since ξ is admissible, q 1 (ξ), q 2 (ξ) > 0. Thus log l + σ 1 / log l + σ 2 → 1. Hence
The result follows from the definition of convergence to a point in P M L.
Remark 6.19. The above length estimate above coincides with that coming from the top terms Theorem 4.1. Namely from that formula we have (11) log Tr δ = i=1,2
Since l + σ i is small, any transverse curve has definite length. Hence by for example Proposition 5.1 of [28] , l + δ is close to the hyperbolic length of the geodesic representative of δ in H 3 /G and thus to log Tr δ. Since by Proposition 6.6, l + σ i τ i = O(1), the formula (11) is compatible with (10).
Asymptotic directions
In this section we prove our main results, Theorems A and B.
Throughout this section, to simplify notation, X = O(θ) will mean X ≤ cθ where the constant c depends on the lamination ξ and a small number of related curves chosen during the proofs. With a bit more effort, the dependence could be controlled more carefully, but this is not needed for our results here. We write Tr γ to mean Tr ρ(W ) where W is a word representing γ ∈ π 1 (S).
Suppose that γ is a bending line of ∂C + /G for a group G(τ 1 , τ 2 ) ∈ P ξ . The top terms Theorem 4.1, together with the condition Tr γ ∈ R of Lemma 3.3, gives asymptotic conditions for (τ 1 , τ 2 ) ∈ P ξ , in terms of the canonical coordinates i(γ) of γ. For τ 1 , τ 2 ∈ C 2 + set τ i = x i + iy i , ρ = y 2 1 + y 2 2 , and
where as usual i(γ) = (q 1 , p 1 , q 2 , p 2 ) and y i > 0, i = 1, 2.
Proposition 7.1. Suppose that ξ ∈ M L Q is an admissible lamination, that G(τ 1 , τ 2 ) ∈ P ξ has bending measure β(G) = θξ, and that γ is a bending line of ξ.
Proof. Suppose first that q i = q i (γ) > 0, i = 1, 2 and set a i = −2p i (γ)/q i (γ). By Theorem 4.1 we have (12) Tr γ = ±2
where R(q 1 + q 2 − 2) is a polynomial of degree at most q i in τ i but with total degree in τ 1 and τ 2 at most q 1 + q 2 − 2. By Proposition 6.14, x i − a i = O(1) and by Theorem 6.1:
(Notice that the terms in (13) involve q i (ξ) as opposed to q i = q i (γ) in (12) .) Hence arranging the terms of (12) in order of decreasing powers of ρ, and using Equation (1) in Section 4, we get
).
By Lemma 3.3, Tr γ ∈ R. We deduce η 1 q 1 −1 η 2 q 2 −1 E γ (τ 1 , τ 2 ) + O(1/ρ) = 0 from which using (13),
Since 1/ρ = O(θ) by Corollary 6.5, this proves the result.
We still have to deal with the case that, say, q 2 (γ) = 0. Then Tr γ is a polynomial in τ 1 only, of the form (14) Tr ρ(γ) = ±2
The result then follows easily by similar reasoning to the above.
7.1.
Solving the asymptotic equations. Suppose we want to locate the pleating ray P γ of γ ∈ S. If G ∈ P γ , then ∂C + /G \ γ is flat, so that not only γ, but also any curve δ ∈ wh(γ), is a bending line of ξ, where wh(γ) (the wheel of γ) denotes the set of all curves δ ∈ S disjoint from γ. (By convention, γ / ∈ wh(γ).) Thus τ 1 , τ 2 are constrained by the equations Tr γ = Tr δ = 0 and hence, by the above proposition,
for all δ ∈ wh(γ). Our proof of Theorem A amounts to solving these equations for τ 1 , τ 2 .
In order to do this, note that for any curve ω ∈ S:
Effectively what we will do is use linear algebra to solve the equations i(δ) · u = 0 for all δ ∈ wh(γ). This is done with the aid of Thurston's symplectic form Ω Th introduced in Section 4.2. This induces a map ξ → ξ * of R 4 such that
where · is the usual inner product on R 4 : if i(γ) = (q 1 , p 1 , q 2 , p 2 ), then i(γ) * = (−p 1 , q 1 , −p 2 , q 2 ). By Proposition 4.2, i(γ) * is orthogonal not only to i(γ), but also to all curves in wh(γ). We need:
Lemma 7.2.
(i) Suppose that γ, δ ∈ S and that δ ∈ wh(γ). Then γ and δ are supported on a common canonical train track and i(γ), i(δ) are independent vectors in M L. (ii) Given γ ∈ S, we can find δ, δ ∈ wh(γ) such that i(γ), i(δ), i(δ ) are supported on a common canonical train track and span a subspace of dimension 3 in M L.
Proof. (i) That γ, δ are supported on a common canonical train track follows immediately since they are disjoint. If i(γ), i(δ) are dependent, since they lie on the same track all their coefficients are integers which pairwise have the same sign. Thus we must have ni(γ) = mi(δ) for some n, m ∈ N. Since both are connected simple curves, n = m = 1.
(ii) The surface Σ γ := Σ \ γ is either a one holed torus and a sphere with two punctures and a hole; or a sphere with two holes and two punctures.
In either case, P M L(Σ γ ) is a topological circle in which the set of rational laminations supported on a simple curve is dense. Let π denote the map which associates to a curve ω ∈ S the measured lamination δ ω ∈ M L(Σ), and likewise define the quotient mapπ Suppose that π(γ) is in the linear span of π(δ), π(δ ) ∈ π(wh(γ)) ⊂ M L. Then by the above we can find δ ∈ wh(γ) with π(δ ) not contained in the linear span of π(γ), π(δ) and π(δ ) which proves the result. Theorem 7.3 (Theorem A). Suppose that ξ = 1,2 a i γ i is admissible and not exceptional. Let i(ξ) = (q 1 , p 2 , q 2 , p 2 ) and set tan ψ(ξ) = q 1 /q 2 . Let L ξ : [0, ∞) → C 2 be the line t → (w 1 (t), w 2 (t)) where
Let (τ 1 (θ), τ 2 (θ)) ∈ C 2 be the point corresponding to the group G ξ (θ) with β(G) = θξ, so that the pleating ray P ξ is the image of the map p ξ : θ → (τ 1 (θ), τ 2 (θ)) for a suitable range of θ > 0. Then P ξ approaches L ξ as θ → 0 in the sense that if t(θ) = 4Q/θq 1 q 2 with Q = (q 2 1 + q 2 2 ) then
Proof. As above, write τ i (θ) = τ i = x i +iy i , ρ 2 = y 2 1 +y 2 2 and η i = y i /ρ, where the dependence on θ is understood. By Theorem 6.1, we have y i − 4
On the other hand, with t = t(θ) as in the statement of the theorem, we find w 1 (t) = tq 2 /Q = 4/θq 1 and similarly w 2 (t) = 4/θq 2 . Thus
To deal with the coordinates x i = τ i (θ) is more subtle. Consider first the special case ξ = γ ∈ S. By Lemma 7.2 we can choose δ, δ ∈ wh(γ) such that i(γ), i(δ), i(δ ) span a subspace of dimension 3 in M L. If (τ 1 , τ 2 ) ∈ P γ , the conditions Tr γ = Tr δ = Tr δ = 0 must be satisfied. By Proposition 7.1, we can write this as E ζ (τ 1 , τ 2 ) + O(θ) = 0 for ζ = γ, δ, δ . With τ i = x i + iρη i as above, we can as in (15) regard these as equations in R 4 for u = u(θ) = (x 1 η 2 , −2η 2 , x 2 η 1 , −2η 1 ):
for ζ = γ, δ, δ . Now we use Thurston's symplectic form. By Proposition 4.2 we have Ω Th (i(γ), i(ζ)) = 0 for all ζ ∈ wh(γ). Hence
for ζ = γ, δ, δ . Since i(γ), i(δ), i(δ ) are independent, it follows that we can write (17) u
where v = v(θ) is in the linear span of i(γ), i(δ), i(δ ) and ||v|| = 1. We find using (16) that u · v = O(θ) (where the constants depend on i(γ), i(δ), i(δ )). Then v·i(γ * ) = 0 gives µ(θ) = O(θ), with the same proviso on the constants. Equating the two sides of (17) gives
for some constant c > 0. It follows easily that |x i + 2p i /q i | = O(θ), proving Theorem A in the special case ξ = γ.
Now we turn to the case of a general admissible lamination ξ = a γ γ+a δ δ ∈ M L Q . In this case, if (τ 1 , τ 2 ) ∈ P ξ then γ and δ are both bending lines of G(τ 1 , τ 2 ). It follows as above that
By Lemma 7.2, i(γ) and i(δ) are independent and by Proposition 4.2, i(γ) * and i(δ) * are orthogonal to both. Thus
where w is in the span of i(γ), i(δ), and ||w|| = 1. Thus u · w = O(θ) and since w · i(γ) * = w · i(δ) * = 0 we find ν = ν||w|| = u · w = O(θ). Now from Theorem 6.1,
On the other hand setting z i = λq i (γ) + µq i (δ), we find from (19) that |z 1 | 2 + |z 2 | 2 ≥ c > 0 for some constant c depending only on γ, δ. It follows from (19) and (20) that |z 2 /z 1 − y 2 /y 1 | = O(θ). Since by hypothesis we are not in the exceptional case q 1 (γ)/q 2 (γ) = q 1 (δ)/q 2 (δ), we deduce that λ/µ − a γ /a δ = O(θ). Substituting back in (19) we see u = κi(ξ) * + O(θ) for some κ > 0, and a little bit of algebra completes the proof.
The following lemma proves the second part of the statement of Theorem B.
Lemma 7.4. Suppose that γ 1 ∈ S is admissible. Then there exists γ 2 ∈ wh(γ 1 ) such that the pair γ 1 , γ 2 is not exceptional.
Proof. Write X = (X 1 , X 2 , X 3 , X 4 ) ∈ R 4 . Then δ ∈ wh(γ 1 ) implies that i(δ) is in the codimension one hyperplane H defined by i(γ 1 ) * · X = 0. If the pair γ 1 , δ is exceptional then i(δ) is also in the codimension one hyperplane
Now since q 1 (γ), q 2 (γ) > 0, the normal vectors (−p 1 (γ), q 1 (γ), −p 2 (γ), q 2 (γ)) and (q 1 (γ), 0, q 2 (γ), 0)
to H and K respectively are not collinear. Thus H ∩ K is two dimensional. However by Lemma 7.2, we can find δ, δ ∈ wh(γ 1 ) such that i(δ), i(δ ), i(γ 1 ) are independent, so at least one of the pairs i(γ 1 ), i(δ) and i(γ 1 ), i(δ ) must be non-exceptional as claimed.
Proof of Theorem B. We need to show that if ξ = 1,2 a i δ γ i is admissible and if the pair γ 1 , γ 2 is not exceptional, then the equations
have a unique solution as τ i → ∞ in the direction specified by Theorem A. First consider the equations
2 ∈ R, as τ 1 , τ 2 → ∞, where q i = q i (γ 1 ) and q i = q i (γ 2 ). Setting z i = 1/τ i we define
2 ), so that (21) is equivalent to the equation G(z 1 , z 2 ) ∈ R 2 as z 1 , z 2 → 0. Writing z i = i e iθ i , i = 1, 2 we obtain
so that writing A = q 1 q 2 q 1 q 2 , we must have A(θ 1 , θ 2 ) T = π(n, m) T for n, m ∈ Z. Since A is invertible by hypothesis, these equations have a discrete set of solutions for (θ 1 , θ 2 ). Since q 1 + q 2 , q 1 + q 2 ∈ 2Z, one of these solutions is θ i = π/2, i = 1, 2. It follows that G is a branched covering C 2 → C 2 in a neighbourhood of 0, and G −1 (R 2 ) is a discrete set of 2-planes meeting only at 0. Now consider our actual equations Tr γ = Tr δ = 0. As above set z i = 1/τ i and define H : C 2 → C 2 by H(z 1 , z 2 ) = (1/ Tr γ, 1/ Tr δ). By Theorem 4.1 we have
. (23) where p i = p i (γ), q i = q i (γ) and p i = p i (δ), q i = q i (δ) and R 1 , R 2 denote polynomials of total order at most q 1 + q 2 − 2 in τ 1 , τ 2 . Hence we can expand H(z 1 , z 2 ) as a Taylor expansion about 0 to obtain
whereR 1 ,R 2 denote terms of total order at least 2 in z 1 , z 2 and
There is clearly a neighbourhood U of 0 such that H is locally injective on U \ {0}, and moreover in which the homotopy G + tH, t ∈ [0, 1] between G and H is regular at every point. It follows that H is also a branched covering of C 2 near zero, of the same order as G, and that there is a natural bijective correspondence between the branches of G −1 (R 2 ) and H −1 (R 2 ). To complete the proof, we need to show that for (t 1 , t 2 ) ∈ R 2 sufficiently near 0, the point H −1 (t 1 , t 2 ) is arbitrarily close to the point G −1 (t 1 , t 2 ) on the corresponding sheet of G −1 (R 2 ).
In a neighbourhood of 0, we view (24) as a perturbation of (21) and use the ideas of Appendix B in [22] . If g : C n → C n is an analytic function with an isolated zero at Z 0 ∈ C n , define the multiplicity of g to be the degree of the mapping g/||g|| : S δ → S 1 , where S δ is the sphere radius δ centre Z 0 and S 1 is the unit sphere. The same proof as Lemma B.1 of [22] proves 'Rouché's principle' that if r : C n → C n with r(0) = 0 and if ||r|| < ||g|| on S δ , then the degrees of (g + r)/||g + r|| and g/||g|| on S δ are equal. Now take Z 0 ∈ U to be an isolated solution of the equation G(z 1 , z 2 ) = (t 1 , t 2 ) ∈ R 2 . Choose δ > 0 so that so that S δ (Z 0 ) ⊂ U and so that G(z 1 , z 2 ) = (t 1 , t 2 ) has no other solutions in S δ (Z 0 ). We can also choose U small enough so that ||(H − G)|| < ||G|| on U . It follows from the above Rouché's principle that H and G have the same degree on S δ . Then Lemma B.2 of [22] shows that H has exactly one zero inside S δ as required.
In particular, there is a unique branch of H −1 (R 2 ) close to the branch z i = i i, i = 1, 2 of G(z 1 , z 2 ) ∈ R 2 . If 1 / 2 is bounded away from 0 and ∞ and we set = 7.2. The exceptional case. Recall that a pair of curves γ 1 , γ 2 is said to be exceptional if q 1 (γ 1 )q 2 (γ 2 ) = q 1 (γ 2 )q 2 (γ 1 ). As an example, the coordinates i(γ 1 ) = (2, 0, 2, 1) and i(γ 2 ) = (2, −1, 2, 2), or more generally i(γ 1 ) = (a + b, 0, a + b, a) and i(γ 2 ) = (a + b, −1, a + b, a + 1), can be easily be checked to represent exceptional pairs of disjoint connected curves. 
where
Let (τ 1 (s, θ), τ 2 (s, θ)) ∈ C 2 be the point corresponding to the group G ξ(s) (θ) with β(G) = θξ(s), so that the (closure of the) pleating plane P γ 1 ,γ 2 is the image of the map Remark 7.6. The difference between this statement and that of Theorem 7.3 is that in that theorem, P ξ(s) is close to a point on L ξ(s) , while here we can only assert closeness of points on the pleating ray P ξ(s) to a point on some line L ξ(f θ (s)) where possibly f θ (s) = s.
Proof. We proceed as in the proof of Theorem 7.3 above, up to (19) which says that u = u(θ) is close to a convex combination of i(γ 1 ) * and i(γ 2 ) * . Define f θ(s) by letting ξ(f θ(s) ) be the orthogonal projection of u(s, θ) onto the plane spanned by i(γ) * , i(δ) * . Then (25) follows as before, while continuity of the path s → f θ (s) is clear. Equation (26) follows choosing s such that s = f θ (s ).
Remark 7.7. One might expect to be able to prove Theorem A in the exceptional case by a limiting argument with laminations ξ n → ξ. However the interaction of the double limits as n → ∞ and θ → 0 is quite subtle and we have not been able to extract the required results by this method.
Remark 7.8. Suppose that the pair γ 1 , γ 2 is exceptional. Then we claim that it is not possible to deduce from the top terms Theorem 4.1 alone that the equations Tr γ i = 0, i = 1, 2 have a unique branch at infinity satisfying the conditions Arg τ i = π/2, τ 1 / τ 2 = q 2 (ξ)/q 1 (ξ). To study this question, as above we replace the equations by equations f 1 (z 1 , z 2 ) = f 2 (z 1 , z 2 ) = 0 in a neighbourhood of 0, where f i : C 2 → C 2 are analytic functions with lowest order terms z respectively. To show that many different behaviours are possible, consider the functions f 0 (z 1 , z 2 ) = z 1 z 2 , f 1 (z 1 , z 2 ) = z 1 z 2 (1 − z 1 + z 2 + z 1 z 2 ), f 2 (z 1 , z 2 ) = z 1 z 2 (1 − z 1 − z 2 + z 1 z 2 ) and f 3 (z 1 , z 2 ) = z 1 z 2 (1 − z 1 + z 2 + z 2 1 ). We look for solutions to each of the three pairs of equations f 0 = 0, f i = 0, i = 1, 2, 3 which satisfy z 1 = ie iα , z 2 = ie −iα where → 0 and α = O( ).
As is easily verified, the equations f 0 = 0, f 1 = 0 are satisfied for arbitrary choices of α. The equations f 0 = 0, f 2 = 0 have no solutions of the required form near (0, 0). Finally the equations f 0 = 0, f 3 = 0 have a unique suitable solution for each > 0, namely α = 0.
Appendix 1
The following proofs are taken from [16] .
Proof of Proposition 2.1 Let S 3 = T S 2 T −1 , so that S 3 is parabolic with fixed point T (0) = τ 1 . Let J j = S j for j = 1, 2, 3. We construct fundamental domains D j for the S j as follows.
Referring to Figure 3 in Section 2.2, let l consist of the vertical line below −1 + i/2, the vertical line above τ 1 − 1 − i/2 and the straight line joining −1 + i/2 to τ 1 − 1 − i/2. This last line segment has positive slope because τ 1 > 1, from which it follows that l and S 1 (l) do not intersect and hence that the strip D 1 between l and S 1 (l) is a fundamental domain for J 1 . A fundamental domain for J 2 is D 2 = z ∈Ĉ : |z + 1/2| > 1/2, |z − 1/2| > 1/2 , and a fundamental domain for J 3 is D 3 = z ∈Ĉ : |z − τ 1 + 1/2| > 1/2, |z − τ 1 − 1/2| > 1/2 . The hypothesis τ 1 > 1 implies that the union of the closure of any two of the D j is the whole ofĈ. Moreover the boundaries of the D j only intersect at parabolic fixed points. Therefore by a simple application of the first Klein-Maskit combination theorem (see [20] , p.149 or [1] , p.103) we see that F 0 = S 1 , S 2 , S 3 is discrete with fundamental domain
Now let J 4 = T . We will construct a fundamental domain D 4 for J 4 . Let B 2 be the disk centred at i/ τ 2 with radius 1/ τ 2 and let B 3 be the disk centred at τ 1 − i/ τ 2 with radius 1/ τ 2 . One checks that T takes B 2 to the complement of B 3 . (Note that T (z) = τ 1 + action of z → 1 τ 2 +1/z on B 2 .) Thus the domain D 4 exterior to both disks is a fundamental domain for J 4 . Since τ 2 > 1 and τ 1 τ 2 > 4, it is easy to see that B 2 and B 3 are contained in the strip D 1 , B 2 is contained in D 3 and B 3 is contained in D 2 . Moreover S j (B j ) = B j for j = 2, 3. Thus B j is precisely invariant with respect to J j for j = 2, 3; that is, W (B j ) = B j for W ∈ J j and W (B j ) ∩ B j = ∅ for W ∈ F 0 − J j . Therefore the hypotheses of the second combination theorem are satisfied and so G 0 = F 0 , T is discrete
Now we verify that G ∈ M. By construction, D consists of three components. The first, in the lower half plane H − , is a component of a fundamental domain for the Fuchsian subgroup F 2 = S 1 , S 2 and H − /F 2 is a triply punctured sphere. Similarly the second, in the half plane H τ 1 above the horizontal through τ 1 , is a component of a fundamental domain for the Fuchsian subgroup F 3 = S 1 , S 3 . Again H τ 1 /F 3 is a triply punctured sphere. Because the components of D in H − and H τ 1 are disjoint, F 2 and F 3 are not conjugate in G.
Let D * denote the third component D. It is contained in the strip between the horizontal lines through 0 and τ 1 . It has eight sides, one pair of sides contained in the boundaries of each of D 1 , D 2 , D 3 , D 4 and identified by S 1 , S 2 , S 3 and T respectively. Performing these identifications we obtain a torus with two punctures corresponding to S 2 S −1 1 and S 3 S −1
1 . Developing D * by G we see that it corresponds to a simply connected G-invariant component of the regular set of G, and we conclude that G ∈ M.
Finally, since translates of D by S 1 cover the strip 1/2 < z < τ 1 − 1/2, and since H − , H τ 1 are in Ω(G), the limit set Λ is contained in the two strips 0 ≤ z ≤ 1/2 and τ 1 − 1/2 ≤ z ≤ τ 1 as claimed.
Proof of Proposition 2.2 This is based on a similar result for the Maskit space of the once punctured torus due to David Wright [29] . Let W ∈ G − { S 1 , S 2 ∪ S 1 , S 3 } and let H − be the lower half plane. Then W (H − ) is a disk contained in the strip {0 < z < τ 1 }. Let W = a b c d
with ad − bc = 1 and suppose that the circle C = W (R ∪ ∞) has radius r and centre z 0 , so that z 0 ≥ r > 0. Using the fact that the points T −1 (z 0 ), T −1 (∞) are inverse points with respect to R (see also [25] p.91), we find that r = i/(cd − dc) and z 0 = (ad − bc)/(cd − dc). The inequality z 0 > 0 gives cd > 0 and then z 0 ≥ r simplifies to (bc − ad) ≥ 1. Applying this to T we see that τ 1 τ 2 ≥ 1. Applying it to [S 1 , T Figure 9 . Canonical train tracks for the once punctured torus. In all charts, the total weight on the vertical sides is |p| and on the horizontal sides is q.
Appendix 3
We give the (presumably well known) formula for the bending angle φ between two consecutive segments of a geodesic s on ∂C + which crosses a bending line L of ∂C + making an angle ψ with L. Let the bending angle between the two planes Π 1 , Π 2 which meet along L be θ. Let s i ⊂ Π i be the two segments of s which meet at P ∈ L. Measure φ so that φ = θ when ψ = π/2. The formula is sin φ/2 = sin ψ sin θ/2.
This can be proved by elementary Euclidean trigonometry. Let N be the line perpendicular to L which bisects the angle between Π 1 , Π 2 . The configuration of L, Π 1 , Π 2 is invariant under rotation Ω by π about N . Thus Ω interchanges s 1 and s 2 and N is contained in the plane of s 1 and s 2 .
Thinking of N as 'vertical', let M be the 'horizontal' line through P perpendicular to L and N . By definition of the bending angle and symmetry, M makes an angle θ/2 with Π 2 . Then the segment s 2 makes an angle φ/2 with the 'horizontal' plane H spanned by L and M . Choose X to be a point on L at distance 1 from P . Assuming as we may that ψ = π/2, let Y ∈ Π 2 be the point at which the perpendicular in Π 2 from X meets s 2 and let Z be the foot of the perpendicular from Y to H. Then sin φ/2 = |ZY |/|P Y | = |ZY | cos ψ and sin θ/2 = |ZY |/|XY | = |ZY |/ tan ψ. The result follows.
